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Flutter Analysis of Stiffened Laminated Composite Plates
and Shells in Supersonic Flow

Chung-Li Liao* and Yee-Win Sunt
National Taiwan Institute of Technology, Taipei, 107 Taiwan, Republic of China

This paper investigates the flutter instability of stiffened and nonstiffened laminated composite plates and
shells subjected to aerodynamic forces in the supersonic flow. The equation of motion of the present problem
is formulated using Hamilton's principle. Then, using the finite element method along with three-dimensional
degenerated shell elements and three-dimensional degenerated curved beam elements, the equation of motion is
discretized. The characteristic equation to study the flutter instability of the present problem is obtained from
the previous finite element equation of motion. Finally, natural frequency, critical dynamic pressure, and
corresponding flutter mode shape are found by solving the characteristic equation. The effects of various
parameters, such as skew angle, lamination scheme, subtended angle, and stiffening scheme on the flutter
instability of stiffened and nonstiffened plates and shells in the supersonic flow are demonstrated through the
numerical examples.

I. Introduction

F OR the aircraft structure subjected to aerodynamic load-
ing, the interactions between elastic deformation of struc-

ture and aerodynamic forces can make the structure unstable,
i.e., flutter or divergence may develop. As a consequence, the
onset of instability may induce disastrous structural failure or
undesirable limit cycle oscillations. Since the aeroelastic stabil-
ity is an important problem, many flutter analyses of aircraft
structure in supersonic and subsonic flow have already been
done. Both linear and nonlinear (due to large deflections)
flutter analyses were considered in the past. In 1970 Dowell1

gave a comprehensive review on both linear and nonlinear
panel flutter.

Applications of the finite element method in the aeroelastic
analysis have been performed by many investigators (for ex-
ample, Refs. 2-16). Some of them2~13 studied the linear flutter
problems and indicated that there is a critical (or flutter)
dynamic pressure above which the motion of the external skin
(or panel) of the aircraft becomes unstable and grows expo-
nentially with time. Since the linear flutter analysis does not
include the structural geometric nonlinearity (i.e., large deflec-
tions), it can determine only the flutter boundary and can give
no information about the flutter oscillation itself. Nonlinear
flutter analysis14'16 found that the geometrically nonlinear ef-
fects restrain the panel motion to bounded limit cycle oscilla-
tions with increasing amplitude as the dynamic pressure in-
creases.

Composite material has been increasingly employed in air-
craft structures (e.g., wing skin) due to its light weight and
high strength/stiffness-to-weight ratio. However, studies on
aeroelastic behavior of laminated composite structures are not
many.11'13'17 Also, most of the previous studies on panel flut-
ter analysis are concerned with plates and cylindrical shells.
The aeroelastic analysis of stiffened plates or shells is seldom
seen in the literature. Because in aircraft structures (such as
fuselage, wings, engine housings, etc.) panels with stiffeners
are very popular for the purpose of saving weight, their aero-
elastic behaviors deserve further investigation. The present
work attempts to study the flutter phenomena of stiffened
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isotropic and laminated composite plates and shells subjected
to supersonic aerodynamic forces. Two-dimensional quasi-
steady aerodynamic theory is adopted for the evaluation of
aerodynamic forces. The mathematical model for this prob-
lem is formulated using Hamilton's principle and then dis-
cretized by the finite element method. Three-dimensional de-
generated shell elements and three-dimensional degenerated
curved beam elements are employed to model plates/shells
and stiff eners, respectively. The compatibility between the
shell element and the stiffener element is retained. Only the
linear analysis is considered here. By obtaining the characteris-
tic curves of natural frequencies vs dynamic pressure, the
effects of various parameters, such as skew angle, lamination
scheme, subtended angle, and number and position of stiff-
ener, on the flutter instability of stiffened plates and shells in
supersonic flow are examined numerically.

II. Governing Equations
Linear theory, i.e., assuming small deformations of the

stiffened plate or shell, is adopted here because we intend to
understand the effects of dynamic pressure on the natural
vibration frequencies of stiffened plates or shells and to find
the magnitudes of dynamic pressure that make the structure
unstable. Large deformation theory should be used if the
postflutter behavior is to be studied. For a panel, stiffened or
nonstiffened, subjected to aerodynamic forces, the mathemat-
ical model to govern its motion can be obtained using Hamil-
ton's principle, which states that

(dT-dU) dt

) = 0] (1)

where dT and dU are the first variations of kinetic energy and
strain energy of the system, respectively, bW is the virtual
work done by the aerodynamic forces (a nonconservative
force field), 5u/(?/) is the virtual displacements at time ti9 and
t\ and t2 are the initial and final times of the motion, respec-
tively. The variables dU and dT are expressed as

5U=

dT =

(2)

(3)
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where (7/y and e/y are the rectangular Cartesian components of
the Cauchy stress tensor and the infinitesimal strain tensor,
respectively, u\ is the rectangular Cartesian component of the
velocity vector, and the integrations are performed over the
volume of panel V. If we consider a skew plate, an oblique
Cartesian coordinate system should be used, and a// are the
contravariant components of the Cauchy stress tensor, and e/7
are the eovariant components of the infinitesimal strain ten-
sor.18 Since we adopted the two-dimensional quasisteady aero-
dynamic theory19 to evaluate the aerodynamic pressure,
Eq. (1) can be written as

(4)= p(xly xi, t) <5«3 dA
JA

where p(jti, x2, t)= — [\(du^/dx\) + g(d«3/dO] = aerodynamic
pressure.
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where pa is the air mass density, Ua the freestream airflow
velocity, q the dynamic pressure, Mthe Mach number, x\ the
direction of airflow, and w3 the panel displacement normal to
the panel midsurface.

The integration in Eq. (4) is performed over the midsurface
of the plate/shell A. Introduce a parameter n = paa/(ph),
which is the mass density ratio of air to the plate/shell, where
p is the mass density of the plate/shell, a is the side length of
the plate/shell, and h is the thickness of the plate/shell. Hence
we can express g as a function of A and jit (Ref. 15), i.e.,
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So that g can be written as

M (5)

Equations (1-4) govern the motion of a structure subjected to
supersonic aerodynamic forces.

III. Finite Element Discretization
We apply the finite element method to discretize the govern-

ing equations for the stiffened plates and shells in the super-
sonic flow. The plate or shell is modeled with the three-dimen-
sional degenerated shell element and the stiffener with the
three-dimensional degenerated curved beam element. The
curved beam element uses the same nodes as the shell element
by introducing the offsets between the neutral axis of stiffener
and the middle surface of shell. Hence a panel with stiffeners
will not increase the number of nodes as compared to one
without stiffeners. The compatibility between stiffener and
plate/shell is achieved and the completeness requirement is
satisfied. These shell and curved beam elements have been

employed in the geometrically nonlinear bending analysis of
stiffened laminated composite plates and shells by Liao and
Reddy,20 and good results were obtained. We will not go
through the details of these two elements and only describe
them very briefly in the following.

A. Three-Dimensional Degenerated Shell Element
Figure 1 shows the geometry of a three-dimensional degen-

erated shell element that is degenerated from the three-dimen-
sional solid isoparametric element by imposing two con-
straints.20 The coordinates of a typical point in the element can
be interpolated by

= £
k=i

:,*+!** (i = l, 2, 3)

and the displacements by

ui = £

(6)

3) (7)

In Eqs. (6) and (7), £, 17, and fare the natural coordinates that
lie between - 1 and 1 , n is the number of nodes of an element,
</>*:(£> ??) is the Lagrange family of interpolation functions of a
two-dimensional element, the right-hand superscript k means
the &th node, hk is the thickness at node k, and 'e^ are the
components of unit vector normal to the shell midsurface at
node k. At each node there are five degrees of freedom, i.e.,
wf, u2, HI, 0f» and 02. From Eqs. (6) and (7), we can formulate
the displacement interpolation matrix [Ns] and the relation
matrix between linear strains and nodal displacements [Bs].
Using Eqs. (1-4), the finite element equation of motion for the
three-dimensional degenerated shell element in supersonic
flow is

= 10) (8)

where [M/], [D/], [A*] and [Ke
s] are the mass, aerodynamic

damping, aerodynamic, and linear stiffness matrices, respec-
tively, for the shell element; and { AJ } , { AJ ) , and { Af ) are the
nodal acceleration, velocity, and displacement vectors, respec-
tively, for the shell element. The matrices are defined as

[M/] = P(NS]T[NS]

?]T[N?] dVe

^n =
nol

?] = E
<?= 1

(9)

node k

Fig. 1 Geometry of a three-dimensional degenerated shell element.
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where the superscript T denotes the transpose of a matrix,
[7V5

3 ] is the displacement interpolation matrix for the displace-
ment «3 only, nol means the number of layers of a laminate,
[C](q} is the constitutive matrix of the gth layer, and Ve is the
volume of each element. Since we neglect the transverse nor-
mal stress and strain for the plate and shell structures, [C](q) is
of order 5 x 5 and can be found in Ref. 20. In general, [C]to)

is given in the plate/shell rectangular Cartesian coordinate
system. If we consider the skew plate and use the oblique
Cartesian coordinate system, [C](^ should be transformed to
the oblique coordinate system by the following equation18:

(10)

where

1
0
0
0
0

tan20
l/cos20

0
0

- tan 0/cos 0

0
0

i/cos e
-tan B

0

0
0
0
1
0

- 2tan B
0
0
0

i/cos e

and where 6 is the skew angle (see Fig. 2); [C'](9) is the
constitutive matrix relating the contravariant components of
the Cauchy stress tensor and the covariant components of the
infinitesimal strain tensor.18

B. Three-Dimensional Degenerated Curved Beam Element
Figure 3 shows the geometry of a three-dimensional degen-

erated curved beam element with rectangular cross section that
is also degenerated from the three-dimensional solid isopara-
metric element by imposing two constraints.20 The coordinates
of a typical point in the element can be interpolated by

*/= [H£-«)^[!H-
= 1,2,3) (ii)

where A£ and A£ are the offsets in the directions fe% and r£f,
respectively, at node k\ <t>k(Z) is the Lagrange family of inter-
polation functions of a line element, and xf are the Cartesian

The skew plate is
in the Xj—x2 plane

0: skew angle
#3): covariant basis 1̂

(*£, ^2, 3#): contravariant basis
Fig. 2 Oblique Cartesian coordinate system for the skew plate.

Neutral
axisv

Coordinate system
at node 1

Fig. 3 Geometry of a three-dimensional degenerated curved beam
element.

coordinates at node k. From Eq. (11), the displacement com-
ponents can be written as

Aj '4

(/ = 1, 2, 3) (12)

At each node there are six degrees of freedom, i.e., u{, M*, w*,
0*, O*, and 0*. From Eqs. (11) and (12), we can formulate the
displacement interpolation matrix [Nj, ] and the relation matrix
between linear strains and nodal displacements [Bb]. From
Hamilton's principle without the aerodynamic force term, the
finite element equation of motion for the beam element is
given by

(13)

where {A|} and {A|) are the element nodal acceleration and
displacement vectors, and [M|] and [K$] are the element mass
and stiffness matrices, which are defined as

[Me
b] = p[Nb]T[Nb]

IK,
(14)

where the constitutive matrix [C](q) for each layer of the
laminated composite beam is chosen the same as that for the
laminated composite plate/shell.

C. Shell Element with Stiffeners
If the shell element is stiffened with stiffeners, then the

finite element equations of motion of the stiffened shell ele-
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ment in the supersonic flow are obtained by combining Eqs.
(8) and (13), which are

([M/] + [M|]){A') + [£>/H A'} + + [A/]

(15)

where (A e) , (A e ) , and (Ae) are the nodal acceleration, veloc-
ity, and displacement vectors, respectively, and have six de-
grees of freedom at each node as the beam element. In the
present study, two kinds of stiffener orientations with respect
to the plate/shell coordinate axes are used.20'21

D. Characteristic Equations of the Stiffened Plate/Shell
Assembling the finite element equations of motion for each

element, we obtain the finite element equations of motion for
the whole stiffened plate or shell as follows:

[M]{A} + [D][A] + ([A] + [K])(A] = (0) (16)

where [M], [D], [A], and [K] are the mass, aerodynamic
damping, aerodynamic, and stiffness matrices for the system,
respectively, and are all of order m x m. Since the mass ma-
trix in Eq. (16) includes the rotary inertia, [M] and [D] are not
proportional [this can be easily seen from the definitions of
[M/] and [£>/] in Eq. (9)]. Therefore, Eq. (16), as written in
the configuration space, does not lend itself to standard eigen-
value solution algorithms. Thus, the approach that transforms
the problem from the configuration space to a state space is
adopted here. By making the transformation to the state
space, Eq. (16) becomes

[D]
UO] [ / ] \ { A ) / I- [I] [0] \{A)/

(0)
(0)

(17)

where [7] is the unit matrix. Equation (17) also can be ex-
pressed as

(18)

The solution to Eq. (18) is assumed in the form of (y(t)} =
[<p]e®t. Substituting the assumed solution into Eq. (18), we
get

(19)

Since [M*] is symmetric and [K*] is unsymmetric, the charac-
teristic values of Eq. (19) are complex in general. Hence Q can
be expressed as fir = otr ± /cor (r - 1, 2, . . . , m). Correspond-
ingly, the eigenvectors also occur in pairs of complex conju-
gates, [<p}r = [A }r ± [ B ] r (r = 1, 2, . . . , m). The solution
[y(t)} of Eq. (18) can now be written as

(20)

where co is the frequency of vibration and

b2

b2

=tan-1( —
\0*

(0

The real part of (y(t)} is

TT)

/2 cos(ut + (j>2)

02m)

(21)

From Eq. (21), we can see that if a. is negative, any disturbance
to the stiffened plate or shell in the supersonic flow decays
with time, that is, the system is stable. On the contrary, if a. is
positive, then the amplitude of vibration grows exponentially
with time, that is, the system is unstable or fluttering. Hence
by solving Eq. (18) for the characteristic values, we can study
the stability of the structure and also find the critical dynamic
pressure and the associated flutter mode. The behavior of a
stiffened plate or shell is demonstrated by plotting the varia-
tion of (a. + io>) with increasing dynamic pressure X in the
following section of numerical results.

IV. Numerical Results and Discussion
In this section we use the preceding finite element model to

investigate the effects of various parameters, such as skew
angles, lamination schemes, subtended angle, and number and
position of stiffeners, on the flutter instability of stiffened
plates and shells. After the convergence study, we found that
the 3 x 3 uniform mesh (including nine-node shell elements
and three-node beam elements) is sufficient to provide accu-
rate flutter results. Hence in the following analyses this mesh
is used to model the stiffened plate or shell whose four sides
have the same length. Three kinds of boundary conditions are
considered: C-F-F-F, S-S-S-S, and C-C-C-C (C: clamped,
F: free, S: simply supported). For the C-F-F-F plate, the direc-
tion of airflow is parallel to the clamped edge. For the other
boundary conditions, the airflow is in the x\ direction. In the
following numerical examples, we include the aerodynamic
damping by assuming /z/M = 0.01, and hence the aerody-
namic damping matrix in Eq. (16) is included. First, we will
present some results of nonstiffened plates which are com-
pared with those available in the literature to demonstrate the
accuracy of the present finite element model. Then we will
study the flutter instability of stiffened isotropic and lami-
nated composite plates and shells. Nondimensionalized quan-
tities are used to present the results.

For isotropic material, the nondimensionalized frequency is
defined as co = coa2(p/z/Z>)(0>5), where D = Eh3/[l2(\ - i>2)], E
is Young's modulus, h is the thickness of the plate/shell, and
v is Poisson's ratio. The nondimensionalized dynamic pressure
is defined as X = \(a3/D).

For laminated composite material, o> = (a)a2/h)(p/E2)(0'5\
where E2 is Young's modulus normal to the fiber direction of
the orthotro_pic material, and h is the thickness of the lami-
nate. Also, X = \(a3/E2h3). The following material properties
will be used for the laminated composite material: i>12 = 0.28,
E{ = 3.1 x 107 psi, E2 = 2.7 x 106 psi, and G12 = G13 = G23 =
0.75 x 106 psi, Additional results can be found in Ref. 21.

A. Effect of Skew Angle on the Flutter Bounds of Isotropic
Square Plates

Table 1 gives the first six in-vacuo natural frequencies o>/,
critical dynamic pressures Xcr, and the corresponding critical
frequencies o>cr for the C-F-F-F, S-S-S-S, and C-C-C-C
isotropic plates, respectively. The plate properties are a/h =
40 and v = 0.3. From Table 1, we see that the boundary con-
dition significantly influences Xcr, and Xcr decreases as the
skew angle increases for the C-F-F-F boundary condition,
whereas Xcr increases as the skew angle increases for the
S-S-S-S and C-C-C-C boundary conditions. For each case in
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Table 1 In-vacuo natural frequencies w/, Xcr, and wcr for C-F-F-F, S-S-S-S,
and C-C-C-C isotropic plates

C-F-F-F, 8, deg S-S-S-S, 0, deg C-C-C-C, 0,

cocr

Xcr

on
0>2
£>3
C04
cos
W6

0
6.430a
6.441
58.35a
57.85
3.468
8.473
21.385
27.200
31.067
53.817

15
——
7.53
——
46.275
3.580
8.664
22.335
26.374
34.020
52.351

30
——
8.697
——
40.411
3.929
9.381
25.427
26.049
41.738
51.604

0
42.972b
42.101
512.33b
498.01
19.736
50.354
50.354
80.559
106.31
106.31

15
——
43.358
——
521.47
20.918
49.267
57.509
81.944
112.78
116.73

30
——
48.27
——
614.89
25.335
54.087
74.818
89.56
136.21
138.44

0
65.53b
65.26
852.73b
867.66
36.073
78.259
78.259
115.69
158.68
159.53

15
——
67.91
——
925.00
38.290
78.069
88.359
120.12
169.18
173.22

30
——
79.02
——
1212.3
46.312
88.582
113.79
137.83
207.31
211.24

"Reference 22. Reference 15.

Table 2 In-vacuo natural frequencies co/, Xcr, and cocr for C-C-C-C cross-ply [0/90] plates

Present
IE'?
Series17

«i
15.296
16.22
16.71

C02

31.411
33.82
33.71

C03

31.411
33.82
33.71

604

42.474
46.35
46.14

cos
57.78
63.84
62.22

o>6

58.026
65.39
62.36

OOcr

26.734
28.99
29.79

Xcr

142.1
163.23
173.31

Table 3 Effect of number of layers on Xcr and wcr for C-C-C-C
cross-ply [0/90/. . .] and angle-ply [457-457. . . ] plates

No. of
layers

2
4
6
8

10
12

Cross ply [0/907. . .]
COCr XCr

26.734 142.095
33.565 218.311
34.516 229.956
34.827 233.778
34.975 235.644
35.040 236.652

Angle ply [45/-45X. . .]
k>cr XCr

26.155 139.259
32.808 214.015
33.806 226.667
34.149 231.110
34.297 233.007
34.425 234.074

Table 1, the frequencies of the first and second modes, o>i and
o>2, approach each other and coalesce as X is increased from
zero. Before o>i and co2 coalesce, the corresponding o^ and a2
are equal and negative, and so the system is stable. After oji
and o>2 meet and X is increased continuously, wi and o>2 remain
the same, but cti and a2 will deviate from each other where ai
becomes more negative, whereas a2 becomes positive,. When
0.2 becomes positive, the corresponding X value is the Xcr, and
the system becomes unstable (i.e., flutter begins). The flutter
mode is formed by the first and second natural vibration
modes for all cases in Table 1.

B. Effect of the Number of Layers on the Flutter Bounds of
C-C-C-C Cross-Ply [0/90/. . .] and Angle-Ply [45/-45A ..]
Square Plates

The antisymmetric cross-ply and angle-ply plates have the
following properties: skew angle 6 = 0 deg and a/h = 20.
Table 2 gives the first six_in-vacuo natural frequencies o>/,
critical dynamic pressures Xcr, and the corresponding critical
frequencies cocr for the C-C-C-C [0/90] plate. The present
results are compared with those in Ref. 17 [which used an
integral equation (IE) method and a series solution method],
and we see that the present values are all lower than those of
Ref. 17. The reason is that Ref. 17 was based on the classical
lamination theory, which neglects the transverse shear defor-
mations, whereas the present study includes them. Table 3
shows the effect of number of layers on Xcr and cocr for the
C-C-C-C cross-ply [0/90/. . .] and angle-ply [45/ - 45/. . .]
plates (the thickness of the laminate is fixed, whereas the
number of layers is changed)._For each case in Table 3, the
flutter mode associated with Xcr is formed by the first and
second natural vibration modes. From Table 3, we see that Xcr
approaches a constant value as the number of layers increases.
The reason is that the bending-extension coupling stiffnesses
of an antisymmetric laminate become very small when the
number of layers increases.23

C. Effects of Position and Number of Stiffeners on the Flutter
Bounds of C-C-C-C Isotropic Square Plates

Figure 4 shows some geometric configurations of stiffened
square plates considered, in which a/h = 40, f/h = 1.5,
and e/a — 0.01. The air flows over the upper surface of the
plate in the x\ direction. The stiffeners are located on the lower
surface of the plate. Figure 5 shows the characteristic curves of
(a + /to) vs X for the C-C-C-C stiffened plates shown in Figs.
4a and 4b. From Fig. 5, we see that the first flutter mode for
the stiffened plate in Fig. 4a is formed by the first and third
vibration modes, whereas that for the stiffened plate in Fig. 4b
is formed by the first and second modes. The difference is
because the flutter mode is formed by those two modes that
are symmetric to the airflow direction (i.e., x\ direction).
Table 4 gives values of Xcr and cocr for those stiffened plates in
Fig. 4. From Table 4, we see that the stiffener must be located
in the airflow direction to increase Xg. If the stiff ener is
perpendicular to the airflow direction, Xcr is even lower than
that without a stiff ener. Also, Xcr for the stiffened plate in Fig.
4c is lower than that for Fig. 4a, even though the former has
one extra stiff ener normal to the airflow. The physical expla-
nation of this phenomenon is that the natural frequencies of
adjacent modes that form the first flutter mode become closer
together when the extra stiff ener is added. Comparing values
of Xcr for stiffened plates in Figs. 4a, 4f, and 4g, we see that
the stiffening effect is best if we put one stiff ener in the center
instead of using several whose total width equals that of the
single stiff ener (all are in the airflow direction). Finally, from
Table 4, we see that Xcr is increased if we increase the number
of stiffeners with the same size, but Xcr for the plate with two
equally spaced stiffeners normal to the airflow is still lower
than that without any stiff ener.

D. Effect of Skew Angle 0 on the Flutter Bounds of C-C-C-C
Stiffened Isotropic Square Plates

We consider the stiffened plates shown in Figs. 4a and 4b,
except that their shapes are changed from square to parallelo-
gram. For the stiffened skew plates considered here, a/h = 40,
f/h = 1.5, and e/a =0.01. The airflow is in the x\ direction.
Figure 6 shows the effect of skew angle on the characteristic
curves of (a. + /&) vs X for the C-C-C-C stiffened plate shown
in Fig. 4a. From Fig. 6, we see that the first flutter mode is
formed by the first and second natural vibration modes for
6 ^ 0 deg, instead of the first and third modes (whose mode
shapes are symmetric with respect to the airflow direction) for
B = 0. This is because the mode shapes are no longer symmet-
ric with respect to the airflow direction when 0 ̂  0. Therefore,
the flutter mode is formed by the neighboring modes. Table 5
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Fig. 4 Geometric configurations of stiffened square plates (a = b).
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Fig. 5 Effect of stiffener position on the characteristic curves of (a + /w) vs X for C-C-C-C stiffened square plates.
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A

Fig. 6 Effect of skew angle on the characteristic curves of (a + j «) vs X for C-C-C-C stiffened square isotropic plate (in Fig. 4a).

Table 4 Values of Xcr and wcr for C-C-C-C
stiffened isotropic plates in Fig. 4

Figure
4a
4b
4c
4d
4e
4f
4g

oJCr

77.234
65.872
77.479
79.663
67.358
73.543
72.262

Xcr

1315.322
840.716
1294.750
1434.209
859.470
1172.723
1121.219

Table 5 Effect of skew angle on Xcr and <ocr
for C-C-C-C stiffened isotropic plates

Stiffened plate
in Fig. 4a

8, deg
0

15
30

<^cr

77.234
79.428
88.312

Xcr

1315.322
1375.428
1632.384

Stiffened plate
in Fig. 4b

£>cr

65.872
69.895
83.407

Xcr

840.716
941.428

1307.508

Table 6 Values of Xcr and cocr for C-C-C-C
stiffened isotropic cylindrical shells in Fig. 7

Figure
7a
7b
7c
Without stiffener

COcr

81.001
70.103
81.210
69.439

Xcr

1343.164
854.266

1322.484
879.620

shows the effect of skew angle on Xcr and cocr for the stiffened
plates in Figs. 4a and 4b. For both cases, Xcr and cocr increase
as 0 increases.

E. Effects of Position and Number of Stiffeners on the Flutter
Bounds of C-C-C-C Isotropic Cylindrical Shells

Figure 7 shows three geometric configurations of stiffened
cylindrical shells that have the following properties: a = b,
a/h = 40, f/h = 1.5, and e/a = 0.01, and subtended angle
b/r = 0.2 (r is the shell radius). The air flows over the upper

a)

———— T-J-
1 1

____ J t_

• — i r
. _ LI.

__.

—— .
———

— —
b) c)

Fig. 7 Geometric configurations of stiffened cylindrical shells.

surface of the shell in the x\ direction. The stiffeners are
located on the lower surface of the shell. Table 6 gives values
of Xcr and cocr for these stiffened cylindrical shells in Fig. 7.
From Table 6, we see that the stiffener must be located in the
airflow direction for the maximum Xcr for these shells. If the
stiffener is perpendicular to the airflow direction, Xcr is even
lower than that without any stiffener. Also Xcr for the stiff-
ened shell in Fig. 7c is lower than that in Fig. 7a, even though
the former has an extra stiffener normal to the airflow and the
latter does not. The physical explanation is similar to that for
the stiffened plates in Figs. 4a and 4c.

F. Effects of Position and Number of Stiffeners on the Flutter
Bounds of C-C-C-C Angle-Ply (457-45/457-45) Plates

The stiffened angle-ply laminates considered here have the
configurations shown in Figs. 4a-4c. The geometries of angle-
ply (457-45/457-45) laminates are: a = b, a/h =20, f/h
= 1.5, and e/a = 0.01. The Stiffeners also have four layers and
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«- 2?4°?8 case
^cr—

50.00 -i

40.00 -

30.00 -

13

20.00

10.00 -

0,00

0.60 -i

0.30 -

0.00 -~

-0.30 -

-0.60 -

0,0
-0.90

100.0 200.0 300.0 400.0 0.0 100.0 200.0 300.0 400.0
A A

Fig. 8 Effects of stiffener position and number on the characteristic curves of (a + / «) vs X for C-C-C-C angle-ply [457 - 45/457 - 45] plates.
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O
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-0.90
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Fig. 9 Effects of stiffener position and number on the characteristic curves of (a + i'w) vs X for C-C-C-C angle-ply [457 - 4S/45/ - 45] cylindrical
shells.

the same lamination scheme as that of the shells. Figure 8
shows the characteristic curves of (a + ico) vs X and the values
of Xcr and o>cr for the C-C-C-C stiffened angle-ply (457-457
457-45) plates. From Fig. 8, we see that the stiffener must be
located in the airflow direction for the maximum Xcr for these
configurations. If the stiffener is perpendicular to the airflow,
Xcr is even lower than that without any stiffener. Also, Xcr for
the stiffened angle-ply laminate in Fig. 4c is lower than that in
Fig. 4a, even though the former has a stiffener normal to the
airflow and the latter does not.

G. Effect of Subtended Angle on the Flutter Bounds of C-C-C-C
Laminated Cylindrical Shells

The properties of laminated cylindrical shells (a/-a/a/
-a) considered are: a = b and a/h=2Q. Table 1 shows the
effect of subtended angle on Xcr and d>cr for C-C-C-C angle-ply
(a/-a/a/-a) cylindrical shells, in which o: = 0, 30, 45, 60,
and 90 deg, respectively. For some lamination schemes (a = 0,
30, and 90 deg), Xcr increases as the subtended angle increases
(i.e., fix b and decrease r). But for some lamination schemes
(a = 45 and 60 deg), Xcr decreases as the subtended angle
increases.

H. Effects of Position and Number of Stiffeners on the Flutter
Bounds of C-C-C-C Angle-Ply (457 - 4S/45/- 45) Cylindrical Shells

The stiffened C-C-C-C (457- 45/457 -45) cylindrical shells
have the configurations as shown in Figs. 7a-7c, in which
a = b, a/h=2Q,f/h = 1.5, e/a =0.01, and subtended angle b/r
= 0.2. The stiffeners have four layers and the same lamination
scheme. Figure 9 shows the characteristic curves of (a. +1 w) vs
X and the values of Xcr and wcr for C-C-C-C stiffened angle-ply
(45/-45/4S/-45) cylindrical shells. From Fig. 9, we see that
the stiffener must be located in the airflow direction for the
largest Xcr. If the stiffener is perpendicular to the airflow, then
Xcr is even lower than that without any stiffener. Also, Xcr for
the stiffened shell in Fig. 7c is lower than that in Fig. 7a.

V. Conclusions
This study used the finite element method along with three-

dimensional degenerated shell elements and three-dimensional
degenerated curved beam elements to develop a finite element
model to investigate the flutter instability of stiffened lami-
nated composite plates and shells subjected to supersonic
aerodynamic forces. The investigations were focused on the
effects of skew angle, lamination scheme, subtended angle,
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and number and position of stiffeners on the flutter instability
of various plates and shells. The following conclusions can be
drawn from the results.

1) For isotropic plates, the critical dynamic pressure Xcr
decreases as the skew angle increases for the C-F-F-F
boundary condition, and Xcr increases as the skew angle in-
creases for the S-S-S-S and C-C-C-C boundary conditions._

2) For antisymmetric angle-ply plates (457-457. . .), Xcr
approaches a constant value as the number of layers increases.

3) The Xcr is maximum when the stiffeners are oriented
along the airflow direction.

4) For square plates, if the volume of the stiffeners is fixed,
then putting the stiffeners close to the center of the plate along
the airflow direction will obtain better stiffening effect.

5) For antisymmetric angle-ply (a/ —a/a/ —a) cylindrical
shells, the effect of subtended angle on Xcr also depends on the
lamination angle a.
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